Abstract. We propose a construction of affine space (or "polynomial rings") over a triangulated category, in the context of stable derivators.
The goal of this short note is to highlight a straightforward and elementary way to construct affine space if one uses the formalism of derivators. (See Theorem 5.)
Currently, derivators are nowhere as well-known as triangulated categories and it is fair to assume that very few of our readers really know what a derivator is. The non-masochistic reader will even appreciate that the derivator solution to the above affine space problem is essentially trivial, a further indication of the beauty of this theory. We hope that our observation will serve as a modest additional incentive for some readers to use the axiomatic of Grothendieck derivators [Gro91] , or the closely related approach of Heller [Hel88] .
Our observation also opens the door to an A 1 -homotopic investigation of derivators, which will be the subject of further work. A glimpse at derivators.
The idea behind derivators is simple. Suppose that your triangulated category of interest, say D, is the homotopy category D = Ho(M) of some "model" M, by which we mean that D can be obtained from M by inverting a reasonable class of maps, called weak-equivalences. For instance M could be the category of complexes of R-modules, with quasi-isomorphisms as weak-equivalences. Then for any small category I, the category of functors M I from I to M (a. k. a. I-shaped diagrams in M) should also yield a homotopy category by inverting objectwise weak-equivalences:
This approach requires some care but if the word "model" is given a precise meaning, it works, see [Hel88, p. Actual derivators are pre-derivators satisfying a few axioms giving them some spine. In addition to [Gro91] , contemporary literature offers several good sources to learn the precise axioms, see for instance the detailed treatment in Groth [Gro13] or a shorter account in Cisinski-Neeman [CN08, § 1]. We shall not repeat the axioms in this short note, since our focus is more towards constructing new derivators out of old ones, but we would like to point out that these axioms are relatively simple. Moreover, if D is stable, then its values D(I) have natural triangulations that are moreover compatible in the sense that the functors u * are triangulated functors. Of course, we have a derivator extending the derived category of a ring:
Theorem 2 (Grothendieck). Let R be a ring and consider the category of chain complexes M = Ch(R-Mod) with weak-equivalences the quasi-isomorphisms. Then formula (1) defines a derivator that we shall denote by Der(R-Mod). Its base is the usual derived category D(R-Mod).
References about the above are given in Remark 10 below.
Statement of the result.
For our purpose, we only need one basic technique from derivator theory:
More precisely, D L is the composite 2-functor Cat
L remains a derivator is not completely trivial but it is a useful part of the elementary theory, see [Gro13, Theorem 1.31]. Now, we want to follow the intuition that a module over a polynomial ring R[T ] is just an R-module together with a chosen R-linear endomorphism corresponding to the action of T . Of course, once T acts on an R-module then T n also acts for all n ∈ N. Consider, therefore, the loop category ′ is the obvious one. The plan is now to pass this isomorphism (7) through the construction of the associated derivators, "taking out" the exponent N as we go. From now on, the shifting category N can be replaced by any small category L.
Lemma 8. Let L be a small category and A be an abelian category. There is a canonical isomorphism of categories
If we define weak-equivalences in (Ch(A)) L to be quasi-isomorphisms objectwise on L, and weak-equivalences in Ch(A L ) are quasi-isomorphisms for the abelian category A L , then this canonical isomorphism preserves weak-equivalences.
Proof. Let Z ≤ be the category associated to the poset Z, that is, with one object for each integer and one morphism n → m whenever n ≤ m.
and Ch(A L ) can be visualized as subcategories of (L × Z ≤ )-shaped diagrams in A where the composition of two consecutive morphisms in the Z ≤ -direction is 0. Since kernels and cokernels in A L are computed objectwise on L, weak-equivalences on both sides are morphisms which, objectwise on L, are quasi-isomorphisms in A.
Definition 9. Let M be a category and W be a class of morphisms in M that we call "weak-equivalences." For example, M might be a model category or Waldhausen category and W could be the weak equivalences determined by the model category or Waldhausen structure. Given a small category I, we equip M I with the objectwise weak-equivalences W I , as above. We say that the pair (M, W) induces a derivator if, for every small category I, the localization
with respect to W I is a category and more importantly if the induced prederivator
] is a derivator. In that case we denote the derivator induced by (M, W) as 
respectively. These categories are isomorphic by the above discussion, hence the derivators are isomorphic. Moreover, these isomorphisms assemble to strict morphisms of derivators and therefore define strongly equivalent derivators in the sense of [MR14] , as the specialized reader will directly verify. Remark 12. We do not use that R is commutative and the result probably holds in broader generality. We leave such variations to the interested reader and only quickly outline the scheme case, at the referee's suggestion.
The scheme case. Let X be a quasi-compact and separated scheme. We can associate a derivator to X by D X (I) = D(Qcoh(X) I ), where Qcoh(X) denotes the category of quasicoherent O X -modules. As Qcoh(X) is a Grothendieck abelian category, this is a stable derivator. If X was not separated but only quasi-separated, the appropriate "derived category" of X would be the derived category of O X -modules with quasicoherent homology. Under our assumption that X is separated, this coincides with the above. This mild restriction is irrelevant for the point we want to make. Proof. This is a global analogue of the affine case (7), from which it follows by Zariski descent. Indeed, if {U i = Spec A i } is an open cover of X, then {A 
